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C O M P U TAT I O N A L B I O L O G Y

Biomedical Model Fitting and
Error Analysis
Kevin D. Costa,1,* Steven H. Kleinstein,2,3 Uri Hershberg4

Lecture Notes
Summary
Biomedical modeling includes two powerful mathematical approaches to aid in understanding complex biological systems:
namely, forward and inverse modeling
(see Slides 2 to 7). This lecture is primarily focused on the latter, providing an introduction to the concepts, techniques, and
criteria used to develop, implement, and
evaluate an inverse model. The combined
technique of forward-inverse modeling (see
Slide 8) is also discussed in the context of
estimating the uncertainty in resulting inverse model parameters (1).
Forward modeling, which includes data
simulation (see Slide 5), involves a set of
mathematical equations describing a biomedical system of interest, designed to incorporate a desired degree of anatomical,
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physical, or biological detail (2). Forward
models are used for generating realistic
synthetic data (including prescribed noise
characteristics) under precisely deﬁned
conditions. This allows candidate hypotheses to be tested in silico by predicting
outcomes to experimental states not easily
achieved in living systems. Forward modeling can sometimes suggest improvements
in experimental design and can potentially
reduce the use of laboratory animals. Forward models can have arbitrary complexity as required by the problem at hand,
with model parameter values typically prescribed based on published quantities.
Inverse modeling, which involves data
ﬁtting (see Slides 6 and 7), uses parameter
estimation techniques applied to mathematical equations designed to provide a “best
ﬁt” to a set of experimental measurements,
so as to extract values of desired model
parameters often representing speciﬁc biophysical quantities (3). Data-ﬁtting techniques generally involve an iterative process of adjusting model parameter values
to minimize the average difference between
the model-predicted and experimental data.
Evaluating the quality of an inverse model requires a combination of established
mathematical techniques, as well as intuition and experience, guided by a six-step
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This Teaching Resource introduces students to curve ﬁtting and error analysis;
it is the second of two lectures on developing mathematical models of biomedical systems. The ﬁrst focused on identifying, extracting, and converting required
constants—such as kinetic rate constants—from experimental literature. To understand how such constants are determined from experimental data, this lecture
introduces the principles and practice of ﬁtting a mathematical model to a series
of measurements. We emphasize using nonlinear models for ﬁtting nonlinear
data, avoiding problems associated with linearization schemes that can distort
and misrepresent the data. To help ensure proper interpretation of model parameters estimated by inverse modeling, we describe a rigorous six-step process:
(i) selecting an appropriate mathematical model; (ii) deﬁning a “ﬁgure-of-merit” function that quantiﬁes the error between the model and data; (iii) adjusting
model parameters to get a “best ﬁt” to the data; (iv) examining the “goodness
of ﬁt” to the data; (v) determining whether a much better ﬁt is possible; and (vi)
evaluating the accuracy of the best-ﬁt parameter values. Implementation of the
computational methods is based on MATLAB, with example programs provided
that can be modiﬁed for particular applications. The problem set allows students
to use these programs to develop practical experience with the inverse-modeling
process in the context of determining the rates of cell proliferation and death for
B lymphocytes using data from BrdU-labeling experiments.

process (see Slide 9), which is presented in
detail in the remainder of the lecture.
Step 1: Select an appropriate mathematical model
Polynomial, exponential, and other standard functions (also called “trend lines” in
spreadsheet software) are often used when
a data set appears to follow a mathematical
trend but the governing relation is not understood. Physically based models, on the
other hand, can be derived from underlying
theoretical principles when the governing
physical process is known. With physically
based modeling, unlike modeling using
trend lines, the resulting parameter values
have a speciﬁc biophysical interpretation
(Slide 10).
Step 2: Deﬁne a “ﬁgure-of-merit”
function
Also called an “error function,” this provides a measure of the agreement between
the data and the model ﬁt for a given set of
model parameters (see Slides 11 to 13). The
form of the error function can be derived
from probability theory (4, 5) and is often
based on a weighted sum of squared residuals in which each residual measures the difference between a measured data point and
the corresponding model-predicted value.
The weight reﬂects the variability of the
measurement, so that the most reliable data
points have the biggest inﬂuence on the error function. The process of minimizing the
squared residuals error function is often
called a “least-squares” model-ﬁtting approach.
Step 3: Adjust model parameters to get
a “best ﬁt” to the data
This step involves several nuances and is
therefore treated in detail (Slides 14 to 20).
A relatively simple solution exists for the
values of slope and intercept that minimize
the least-squares error function to provide
the best ﬁt of a straight line to a given set of
data (see Slides 15 to 17). For this reason,
it has historically been a common approach
to “linearize” a given data set by graphing
in terms of a suitable change of variables,
such as the Lineweaver-Burk plot for enzymatic reactions (6), and then perform a
linear regression (Slide 18). However, such
linearization often distorts the data error
structure, violates key assumptions, and affects resulting model parameter values (3,
7), which may lead to incorrect conclusions.
With ready access to computers, it is
preferable to ﬁt nonlinear data using an appropriate nonlinear inverse model. Obtaining the best-ﬁt model involves computing
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a single set of conditions. Therefore, Monte
Carlo simulation of synthetic data sets using known parameter values, but including
noise representative of the actual measurement noise, can be used to estimate the
error in the parameter values obtained by
inverse modeling (Slides 27 and 28). The
simulations can be performed by using the
inverse model itself or by using more complex forward models that represent the experimental system. The bootstrap technique
(Slide 29) is another method for generating
synthetic data by shufﬂing and substituting
data points from the original data set. These
methods are powerful tools for the critical
task of estimating the error in ﬁtted model
parameters (Slide 30). In physically based
inverse models, a further assessment is performed to determine whether the estimated
parameter values fall within a range that is
reasonable and not physically impossible,
to help ensure that the model parameters
are properly interpreted in a real-world
context (Slide 31).
The above inverse-modeling process offers a powerful technique for maximizing
the information that can be extracted from
biomedical measurements and for improving the understanding of underlying biophysical processes. The problem set below
was designed to reinforce key concepts
by providing a real-world example from
the biomedical literature, in which inverse
modeling is used to determine the rates of
cell proliferation and death for B lymphocytes (9), which are key players in the immune response to infection (10). The solution requires formulating a physically based
model of bromodeoxyuridine (BrdU) labeling, which is used to assess cell division,
ﬁtting the model to published experimental
data using both unweighted and weighted
least-squares error functions, using bootstrapping to determine conﬁdence intervals
for model parameters, comparing resulting
model parameters with values from the literature, and using the F-test to evaluate the
effect of eliminating one parameter from
the model. The slides conclude with a general introduction to the problem set (Slides
32 and 33) and a list of online resources and
references for those who wish to explore
the topic of model ﬁtting and error analysis
in greater detail (Slide 34).
Problem Set
Following infection, B cells undergo afﬁnity maturation, a process involving cycles
of proliferation, mutation, and selection,

which results in a population of B cells carrying receptors with higher afﬁnity for the
pathogen than those found in naïve B cells.
To understand this process, we wish to
measure how the rates of proliferation and
death of B cells are inﬂuenced by the afﬁnity of the B cell receptor for antigen. One
experimental means of measuring proliferation is the tracking of BrdU incorporation
by B cells. BrdU is a synthetic thymidine
analog that gets incorporated into a cell’s
DNA during the S phase of the cell cycle.
Antibodies against BrdU that are conjugated to ﬂuorescent markers can be used
to label these cells, so that this evidence of
cell division can be quantiﬁed using ﬂow
cytometry.
In this problem set, you will develop
and apply an ordinary differential equation
(ODE) inverse model of BrdU labeling to
estimate proliferation rate. The experimental data are adapted from a mouse study (9).
In this study, a mouse was immunized and
BrdU dynamics were observed at 4, 8, 24,
and 72 hours after the start of BrdU injection on day 13 post infection. We will assume that BrdU labeling is continuous over
the course of the experiment. The data are
given in Table 1.
The model to describe BrdU labeling
(Fig. 1) is deﬁned by two cell populations:
p
d

p
s

d

Populations:
U−Number of unlabeled B cells
L−Number of BrdU−labeled B cells

Dynamic parameters:
p−Rate of proliferation (per hour)
d−Rate of death (per hour)
s−Rate of inﬂow of cells from their source in
the primary lymphatic organs (cells per hour)

Fig. 1. Schematic model of BrdU cell labeling experiment. The model has two cell
populations: unlabeled (U) and BrdU-labeled
(L). The proliferation rate (p), and the death
rate (d ) are the same for unlabeled as for
labeled cells. There is an inﬂux of unlabeled
cells (s) originating from lymphatic sources.
The effect of neglecting this cell source can
be examined by enforcing s = 0 in the model
(see exercise 6 for details).
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partial derivatives of the error function with
respect to each model parameter (analytically or using numerical approximation),
which must approach zero when the error
function in minimized. The derivatives are
then used to iteratively update an initial set
of model parameters until the error function stops decreasing (see Slides 19 and
20). The popular Levenberg-Marquardt
method and alternative numerical methods
for implementing these nonlinear minimization procedures are described in detail
elsewhere (4, 8).
Step 4: Examine “goodness of ﬁt” to
the data
A correlation coefﬁcient is often used to
characterize the goodness of ﬁt between the
model and data. However, a high correlation can exist even for a model that systematically differs from the data. Therefore, it
is also important to examine a plot of the
residuals. A good model ﬁt should yield residuals that are uniformly spaced along the
abscissa and normally distributed around
zero with no systematic trends (Slide 21).
Step 5: Determine whether a much
better ﬁt is possible
This is challenging. One difﬁculty with
nonlinear minimization, particularly with
increasing model complexity, is the potential to get stuck in a local minimum of the
error function without ﬁnding the global
minimum (Slide 22). Although some minimization algorithms are more robust than
others (4), none can guarantee global convergence for an arbitrarily complex nonlinear error function. The only test is to repeat
the process using a different set of initial
model parameter guesses and determine
whether an equivalent set of best-ﬁt parameters is obtained (see Slides 23 and 24).
Another way to improve a model ﬁt is to
increase the number of model parameters.
When doing so, a statistical F-test should be
used to determine whether the increase in
model degrees of freedom is justiﬁed by the
decrease in ﬁtting error (Slides 25 and 26).
Step 6: Evaluate accuracy of best-ﬁt
parameter values
The ﬁnal step is to determine the error in
the estimated model parameter values. This
involves ﬁtting the model to multiple data
sets that differ only because of random
variability and then examining the variation in the individual model parameters,
typically expressed as a conﬁdence interval
for each parameter value (4, 5). It is often
impractical to do this using multiple data
sets acquired from the same sample under
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Table 1. Original data set for BrdU-labeling experiment.
Time (hours)
4

8

24

72

Fraction labeled

0.900

0.905

0.912

0.961

SD

0.0083

0.0426

0.0028

0.0319

Number of samples

4

4

2

4

Table 2. Revised data set with corrected mean values at 4- and 8-hour time points
(standard deviations and sample sizes as in Table 1).
Time (hours)

Fraction labeled

4

8

24

72

0.354

0.650

0.912

0.961

tions for each point are given in Table 1 and
will be passed to the new function in the
second column of the variable ﬂ.
Consider your parameter estimates from
the optimization in step 3. How does this
compare with the ranges you found in the
literature?
4. We double-checked our lab notebooks
and discovered a clerical error. The actual
fraction of B cells labeled is as in Table 2
(SD and sample size are unchanged).
What are the new parameter estimates?
Are these more in line with rates found in
the literature?
5. In the MATLAB ﬁle “run_exercise.m,”
uncomment the lines related to exercise 5
on bootstrapping and run them for one hundred rounds (B = 100). Suggestion: Start
with B = 10 while you are debugging. Calculate and plot conﬁdence intervals for the
model parameters by using the percentile
method and by editing the assignments to
the variables sc and pc in “run_exercise.m.”
6. Does including the inﬂux of cells
(parameter s in the model) provide a statistically signiﬁcant better ﬁt to the data?
To check this, you will create a version
of “BrdUlabel.m” without inﬂux of cells
(the parameter s will be 0) and compare
the two models (model 1 with inﬂux as
above, model 2 without inﬂux using s = 0)
using an F-test. To carry this out, ﬁrst uncomment the lines related to exercise 6 in
“run_excercise.m.” Next, create a copy of
the ﬁle “BrdUﬁt_weighted.m” and call it
“BrdUﬁt_weighted_s0.m.” In this new ﬁle,
ﬁx the value of s to be 0. Next, edit “run_
excercise.m” to use the correct degrees of
freedom (dF).
7. Print out the ﬁnal version of your

Educational Details
Learning Resource Type: Lecture, problem set, digital presentation
Context: Graduate
Intended Users: Teacher, learner
Intended Educational Use: Learn, plan,
teach
Discipline: Biochemistry, bioengineering, biophysics, cell biology, education
Keywords: mathematical modeling,
simulation, computer programming,
MATLAB
Technical Details
Format: PowerPoint (.ppt)
Size: 7.5 MB
Requirements: Microsoft PowerPoint
Format: MATLAB (.m)
Size: bootstrapBrdU.m (2 KB), BrdUﬁt.m
(2 KB), BrdUlabel.m (2 KB), run_
exercise.m (3 KB)
Requirements: Mathworks MATLAB
Supplementary Materials
http://stke.sciencemag.org/cgi/content/full/
sigtrans;4/192/tr9/DC1
Slides. Development of Models II:
Model Fitting and Error Estimation
Problem set. MATLAB code. Four
MATLAB programs for analyzing BrdU
labeling to determine the rates of cell proliferation and death for B lymphocytes.
Problem set answer key is available
upon request. MATLAB code. Six MATLAB programs.

www.SCIENCESIGNALING.org

References and Notes

1. K. R. Lutchen, K. D. Costa, Physiological interpretations based on lumped element models ﬁt
to respiratory impedance data: Use of forwardinverse modeling. IEEE Trans. Biomed. Eng. 37,
1076–1086 (1990).
2. N. A. Trayanova, B. M. Tice, Integrative computational models of cardiac arrhythmias—Simulating the structurally realistic heart. Drug Discov.
Today Dis. Models 6, 85–91 (2009).
3. GraphPad PRISM online guide to curve ﬁtting
(http://www.graphpad.com/manuals/prism4/
regressionbook.pdf).
4. W. H. Press, S. A. Teukolsky, W. T. Vetterling, B.
P. Flannery, Numerical Recipes: The Art of Scientific Computing (Cambridge Univ. Press, Cambridge, ed. 3, 2007).
5. Numerical Recipes in Fortran 77 online (http://
www.nrbook.com/a/bookfpdf.php).
6. H. Lineweaver, D. Burk, The determination of enzyme dissociation constants. J. Am. Chem. Soc.
56, 658–666 (1934).

27 September 2011 Vol 4 Issue 192 tr9

3

Downloaded from stke.sciencemag.org on July 12, 2013

unlabeled (U) and BrdU-labeled (L). When
an unlabeled cell or a labeled cell proliferates, it becomes two labeled cells. The proliferation rate ( p), and the death rate (d) are
assumed to be the same for unlabeled as for
labeled cells. There is also an inﬂux of unlabeled cells (s) originating from lymphatic
sources.
You will be editing several MATLAB
functions, but can call “run_excercise.m”
to run all the parts of this lab.
1. Translate the model above into a set of
ordinary differential equations. This model
should be inserted into the MATLAB ﬁle
“BrdUlabel.m” and replace the current
simulation of asexual reproduction. To
make this model work, you will also need
to update the vector Yin and uncomment the
lines following the call to ode45. Note that
we assume that labeling is at steady state.
We have illustrated this by forcing the rate
of death (d) to be equal to the two source
rates (i.e., d = p + s).
2. Fit the model to the experimental data
above, using parameters from the literature
as your starting point. This can be accomplished by uncommenting the lines related
to exercise 2 in “run_excercise.m,” and
editing the initial parameter values (xo) in
“BrdUﬁt.m.”
3. We will next modify the ﬁt by accounting for the varying experimental
error at different time points. First, uncomment the lines related to exercise
3 in “run_excercise.m.” Next, create a
copy of the ﬁle “BrdUﬁt.m” and call it
“BrdUﬁt_weighted.m.” In this new ﬁle,
change the error calculation (e) so that it
now ﬁts the data using a weighted leastsquares error function. The standard devia-

ﬁve pieces of code (“run_exercise.m,”
“BrdUlabel.m,” “BrdUﬁt.m,” “BrdUﬁt_
weighted.m,” and “BrdUﬁt_weighted_s0.m”)
and the output of the full running of all of
the stages in “run_exercise.m.”
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